In this paper we prove an existence and uniqueness theorem for contractive type mappings in fuzzy metric spaces. In order to do that, we consider a slight modification of the concept of a tripled fixed point introduced by Berinde et al. (Nonlinear Anal. TMA 74:4889-4897, 2011) for nonlinear mappings. Additionally, we obtain some fixed point theorems for metric spaces. These results generalize, extend and unify several classical and very recent related results in literature. For instance, we obtain an extension of Theorem 4.1 in (Zhu and Xiao in Nonlinear Anal. TMA 74:5475-5479, 2011) and a version in non-partially ordered sets of Theorem 2.2 in (Bhaskar and Lakshmikantham in Nonlinear Anal. TMA 65:1379-1393 , 2006 . As application, we solve a kind of Lipschitzian systems in three variables and an integral system. Finally, examples to support our results are also given.
Introduction
In a recent paper, Bhaskar and Lakshmikantham [] introduced the concepts of coupled fixed point and mixed monotone property for contractive operators of the form F : X × X → X, where X is a partially ordered metric space, and then established some interesting coupled fixed point theorems. They also illustrated these important results by proving the existence and uniqueness of the solution for a periodic boundary value problem. Later, Lakshmikantham and Ćirić [] proved coupled coincidence and coupled common fixed point results for nonlinear mappings satisfying certain contractive conditions in partially ordered complete metric spaces. After that many results appeared on coupled fixed point theory (see, e.g., [-] ).
Fixed point theorems have been studied in many contexts, one of which is the fuzzy setting. The concept of fuzzy sets was initially introduced by Zadeh [] in . To use this concept in topology and analysis, many authors have extensively developed the theory of fuzzy sets and its applications. One of the most interesting research topics in fuzzy topology is to find an appropriate definition of fuzzy metric space for its possible applications in several areas. It is well known that a fuzzy metric space is an important generalization of the metric space. Many authors have considered this problem and have introduced it in different ways. For instance, George and Veeramani [] modified the concept of a fuzzy metric space introduced by Kramosil and Michalek [] and defined the Hausdorff topology of a fuzzy metric space. There exists considerable literature about fixed point properties for mappings defined on fuzzy metric spaces, which have been studied by many authors (see [ point theorems under φ-contractions for compatible and weakly compatible mappings on Menger probabilistic metric spaces. Moreover, Elagan and Segi Rahmat [] studied the existence of a fixed point in locally convex topology generated by fuzzy n-normed spaces.
Very recently, the concept of tripled fixed point has been introduced by Berinde and Borcut [] . In their manuscript, some new tripled point theorems are obtained using the mixed g-monotone mapping. Their results generalize and extend the Bhaskar and Lakshmikantham's research for nonlinear mappings. Moreover, these results could be used to study the existence of solutions of a periodic boundary value problem involving y = f (t, y, y ). A multidimensional notion of a coincidence point between mappings and some existence and uniqueness fixed points theorems for nonlinear mappings defined on partially ordered metric spaces are studied in [] .
In this paper, our main aim is to obtain an existence and uniqueness theorem for contractive type mappings in the framework of fuzzy metric spaces. In order to do that, we consider a slight modification of the concept of a tripled fixed point introduced by Berinde and Borcut for nonlinear mappings. The power of this result is two-fold. Firstly, we can particularize it to complete metric spaces, obtaining a Berinde-Borcut type result (in nonfuzzy setting). Moreover, our result, in a unified manner, covers also coupled fixed (see Zhu and Xiao [] ) and fixed point theorems. Finally, examples to support our results are also given.
Preliminaries
Henceforth, X will denote a non-empty set and X  = X × X × X. Subscripts will be used to indicate the arguments of a function. For instance, F(x, y, z) will be denoted by F xyz and M(x, y, t) will be denoted by M xy (t). Furthermore, for brevity, g(x) will be denoted by gx.
A metric on X is a mapping d : X × X → R satisfying, for all x, y, z ∈ X,
From these properties, we can easily deduce that d xy ≥  and d yx = d xy for all x, y ∈ X. The last requirement is called the triangle inequality. If d is a metric on X, we say that (X, d) is a metric space (briefly, a MS).
The smallest k (denoted by k f ) for which this inequality holds is said to be the Lipschitz constant for f . A Lipschitzian mapping f : X → X is a contraction if k f < .
Theorem  (Banach's contraction principle) Every contraction from a complete metric space into itself has a unique fixed point.
If X = R provided with the Euclidean metric, examples of Lipschitzian mappings 
is a fuzzy set satisfying the following conditions, for each x, y, z ∈ X, and t, s > :
. In this case, we also say that (X, M) is a FMS under * . In the sequel, we will only consider FMS verifying:
Definition  Let (X, M) be a FMS under some t-norm. A sequence {x n } ⊂ X is Cauchy if, for any >  and t > , there exists n  ∈ N such that M x n x m (t) >  -for all n, m ≥ n  . A sequence {x n } ⊂ X is convergent to x ∈ X, denoted by lim n→∞ x n = x if, for any >  and t > , there exists n  ∈ N such that M x n x (t) >  -for all n ≥ n  . A FMS in which every Cauchy sequence is convergent is called complete.
Given any t-norm * , it is easy to prove that * ≤ min. Therefore, if (X, M) is a FMS under min, then (X, M) is a FMS under any (continuous or not) t-norm. This is the case in the following examples (in which, obviously, we only define M xy (t) for t >  and x = y).
Example  From a metric space (X, d), we can consider a FMS in different ways. For t >  and x = y, define:
It is well known that (X, Definition  A function g : X → X on a FMS is said to be continuous at a point x  ∈ X if, for any sequence {x n } in X converging to x  , the sequence {gx n } converges to gx  . If g is continuous at each x ∈ X, then g is said to be continuous on X. As usual, if x  ∈ X, we will denote
We will use this fact in the following way:
The main result
Definition  Let F : X  → X and g : X → X be two mappings.
• We say that F and g are commuting if gF xyz = F gxgygz for all x, y, z ∈ X.
• A point (x, y, z) ∈ X  is called a tripled coincidence point of the mappings F and g if F xyz = gx, F yzx = gy and F zxy = gz.
Theorem  Let * be a t-norm of H-type such that s
and g is continuous and commuting with F. Suppose that for all x, y, z, u, v, w ∈ X and all t > ,
Then there exists a unique x ∈ X such that x = gx = F xxx . In particular, F and g have, at least, one tripled coincidence point. Furthermore, (x, x, x) is the unique tripled coincidence point of F and g if we assume that g
In this result, in order to avoid the indetermination   , we assume that M gxgu (t)  =  for all t >  and all x, y ∈ X.
Proof Suppose that F is constant in X  , i.e., there exists x  ∈ X such that F xyz = x  for all x, y, z ∈ X. As F and g are commuting, we deduce that gx  = gF xyz = F gxgygz = x  . Therefore,
is a tripled coincidence point of F and g. Now, suppose that g - (x  ) = {x  } and (x, y, z) ∈ X  is another tripled coincidence point of F and g. Then
is the unique tripled coincidence point of F and g. Next, suppose that F is not constant in X  . In this case, (a, b, c) = (, , ) and the proof is divided into five steps. Throughout this proof, n and p will denote non-negative integers and t ∈ [, ∞).
Step . Definition of the sequences {x n }, {y n } and {z n }. Let x  , y  , z  ∈ X be three arbitrary points of X.
Continuing this process, we can construct sequences {x n }, {y n } and {z n } such that, for n ≥ , gx n+ = F x n y n z n , gy n+ = F y n z n x n and gz n+ = F z n x n y n .
Step . {gx n }, {gy n } and {gz n } are Cauchy sequences. Define, for n ≥  and all t ≥ , δ n (t) = M gx n gx n+ (t) * M gy n gy n+ (t) * M gz n g zn+ (t). Since δ n is a non-decreasing function and t -kt ≤ http://www.fixedpointtheoryandapplications.com/content/2013/1/29 t ≤ t/k, we have that
From inequality () we deduce, for all n ∈ N and all t ≥ ,
According to (), (), () and Remark , we have that
This proves that, for all t >  and all n ≥ ,
Swapping t by t -kt, we deduce, for all t >  and n ≥ , that
Taking into account that * is commutative and * ≥ ·, and (), (), (), we observe that δ n (t) = M gx n gx n+ (t) * M gy n gy n+ (t) * M gz n gz n+ (t)
If we join this property to (),
Repeatedly applying the first inequality, we deduce that
for all t >  and n ≥ . This means that for all t > ,
Properties () and () imply that
Next, we claim that
We prove it by induction methodology in p ≥ . If p = , () is true for all n ≥  and all t >  by (). Suppose that () is true for all n ≥  and all t >  for some p, and we are going to prove it for p + . Applying (), the induction hypothesis and that * ≥ ·,
Arguing in the same way, we come to M gx n+ gx n++p (kt), M gy n+ gy n++p (kt), M gz n+ gz n++p (kt) ≥ * p δ n- (t -kt). Applying the axiom (v) of a FMS, () and the induction hypothesis,
M gx n gx n+p+ (t) = M gx n gx n+p+ (t -kt + kt)
The same reasoning is also valid for M gy n gy n+p+ (t) and M gz n gz n+p+ (t). Therefore, () is true. This permits us to show that {gx n } is Cauchy. Suppose that t >  and ε ∈ (, ) are given. By the hypothesis, as * is a t-norm of H-type, there exists  < η <  such that * p a >  -ε for all a ∈ ( -η, ] and for all p ≥ . By (), lim n→∞ δ n (t) = , so there exists n  ∈ N such that δ n (t -kt) > -η for all n ≥ n  . Hence (), we get M gx n gx n+p (t), M gy n gy n+p (t), M gz n gz n+p (t) > -ε for all n ≥ n  and p ≥ . Therefore, {gx n } is a Cauchy sequence. Similarly, {gy n } and {gz n } are also Cauchy sequences.
Step . We claim that g and F have a tripled coincidence point. Since X is complete, there exist x, y, z ∈ X such that lim n→∞ gx n = x, lim n→∞ gy n = y and lim n→∞ gz n = z. As g is continuous, we have that lim n→∞ ggx n = gx, lim n→∞ ggy n = gy and lim n→∞ ggz n = gz. The commutativity of F with g implies that ggx n+ = gF(x n , y n , z n ) = F(gx n , gy n , gz n ). By (),
Letting n → ∞, we deduce that lim n→∞ ggx n = F xyz . Hence, F xyz = gx. In a similar way, we can show that F yzx = gy and F zxy = gz, so (x, y, z) is a tripled coincidence point of the mappings F and g.
Step . We claim that x = F zxy , y = F xyz and z = F yzx . We note that by condition (),
Let β n (t) = M gxgy n (t) * M gygz n (t) * M gzgx n (t) for all t >  and n ≥ . By (), () and (),
This proves that β n+ (kt) ≥ β n (t) for all n ≥  and all t > . Repeating this process,
Now, by (), (), () and (),
we have, taking limit in (), () and (), that
lim n→∞ gx n = gz, lim n→∞ gy n = gx and lim n→∞ gz n = gy. This shows, using (), that
Step . We will prove that
If we use these three inequalities at the same time,
and n ≥ . By (), () and (),
Letting n → ∞, we have lim n→∞ θ (t/k n ) =  for all t > , and this means that M xy (kt) = M yz (kt) = M zx (kt) =  for all t > , i.e., x = y = z. The unicity of x follows from ().
Remark  The unicity of the coincidence point of F and g is not always true. For instance, if F ≡ x  is constant and g ≡ x  is also constant, then every (x, y, z) ∈ X  is a coincidence point of F and g.
Remark 
In the previous theorem, we have only used the continuity of * at (, ), that is, if {x n }, {y n } ⊂ [, ] are sequences such that {x n } →  and {y n } → , then {x n * y n } → . And this is true because {x n * y n } ≥ {x n · y n } →  ·  = . Therefore, applying Theorem , we deduce that F and g have a tripled coincidence point.
Example 

Consequences
In the proof of the next result, the view of (X, 
for all x, y, u, v ∈ X and all t > . Then there exists a unique x ∈ X such that x = gx = F xx .
Proof Define c =  and F :
and F is commuting with g (gF xyz = gF xy = F gxgy = F gxgygz ). Furthermore,
Then there exists a unique x ∈ X such that gx = F xxx . If y ∈ X verifies F yy = gy, then gy = F yy = F yyy , so x = y. 
Then there exists a unique x ∈ X such that x = gx = F xx .
Proof Similar to the proof of Theorem .
Remark  In fact, the previous result is proved for X, a partially ordered set in [].
Moreover, from a similar procedure, we can deduce the celebrated Banach contraction principle (Theorem ).
Applications
Lipschitzian systems
Let f  , f  , f  : R → R be Lipschitzian mappings and let β  , β  , β  ∈ R be real numbers. Define h : R → R as h(x) = β  f  (x) + β  f  (x) + β  f  (x) for all x ∈ R. Then h is another Lipschitzian mapping and k h ≤ |β  |k f  + |β  |k f  + |β  |k f  . Obviously, if K = |β  |k f  + |β  |k f  + |β  |k f  < , then h is a contraction, so there exists a unique x  ∈ R such that h x  = x  .
Next, define F : R  → R as Finding, for example, the root by the bisection method, we get, approximately, x  = ..
